We address the uniqueness of the minimal couplings between higher-spin fields and gravity. These couplings are cubic vertices built from gauge non-invariant connections that induce non-abelian deformations of the gauge algebra. We show that Fradkin-Vasiliev's cubic 2 − s − s vertex, which contains up to 2s − 2 derivatives dressed by a cosmological constant Λ, has a limit where: (i) Λ → 0; (ii) the spin-2 Weyl tensor scales non-uniformly with s; and (iii) all lower-derivative couplings are scaled away. For s = 3 the limit yields the unique non-abelian spin 2 − 3 − 3 vertex found recently by two of the authors, thereby proving the uniqueness of the corresponding FV vertex. We extend the analysis to s = 4 and a class of spin 1 − s − s vertices. The non-universality of the flat limit high-lightens not only the problematic aspects of higher-spin interactions with Λ = 0 but also the strongly coupled nature of the derivative expansion of the fully nonlinear higher-spin field equations with Λ = 0, wherein the standard minimal couplings mediated via the Lorentz connection are subleading at energy scales |Λ| < < E < < M p . Finally, combining our results with those obtained by Metsaev, we give the complete list of all the manifestly covariant cubic couplings of the form 1 − s − s and 2 − s − s , in Minkowski background.
From a general perspective it is a remarkable fact that the full gravitational couplings of lowerspin fields involve at most two derivatives in the Lagrangian. For spin s 1 the standard covariantization scheme, wherein ∂ → ∇ = ∂ + ω with ω being a torsion-constrained Lorentz connection, induces the "minimal coupling" d D x h µν T µν where T µν is the Belifante-Rosenfeld stress-tensor which is quadratic and contains up to two derivatives. Actually, for scalars, Maxwell fields and other Lorentz-invariant differential forms, the Lorentz covariantization is trivial and the coupling therefore involves no derivatives of the metric. It is also remarkable that the non-abelian cubic self-coupling of a spin-2 field contains only two derivatives.
Turning to gauge fields with s > 2 and considering 2−s−s couplings in an expansion around flat spacetime, the standard scheme breaks down as has been known for a long time [1, 2, 3] .
These no-go results have recently been strengthened in [4, 5] following a light-cone method and in [6] with S-matrix tools. More interestingly, in the works [4, 7, 5] some yes-go results have been obtained. In the specific case of s = 3 , the work [7] provides a manifestly covariant nonstandard four-derivative vertex associated with a nonabelian deformation of the gauge algebra.
These yes-go results suggest a class of minimal nonabelian 4 non-standard vertices containing 2s − 2 derivatives. We wish to emphasize that the existence of cubic couplings containing 2s − 2 derivatives was explicitly shown in [4, 5] In the specific massless 2−3−3 case, using the BRST-BV cohomological methods of [9, 10] , the vertex of [7] was shown to be unique among the class of vertices that: (i) contain a finite number of derivatives; (ii) manifestly preserve Poincaré invariance and (iii) induce a nonabelian deformation of the gauge algebra. This uniqueness result relies on the fact that other candidate nonabelian deformations cannot be "integrated" cohomologically to gauge transformations and 4 We consider only couplings that truly deform the initial abelian gauge algebra into a nonabelian one, similarly to what happens when coupling N 2 − 1 Maxwell fields in order to obtain the Yang-Mills SU (N )
theory. Interesting results and references on abelian couplings can be found in the review [8] .
vertices. We have managed to push the uniqueness analysis to the case of s = 4 and the unique 2 − 4 − 4 nonabelian vertex is presented in Section 4 together with its corresponding gauge algebra and transformations.
We also extend the results of [7] with the cohomological proof in Section 5 that the standard two-derivative minimal couplings 2 − s − s are inconsistent, thereby providing an alternative proof for the results recently obtained in [4, 5] following light-cone methods and in [6] following S-matrix methods. In the same section 5, combining the cohomological approach with the lightcone results of Metsaev [4, 5] , we show that there exists only one nonabelian 2 − s − s coupling, which contains 2s − 2 derivatives and must be the flat limit of the well-known nonabelian
Fradkin-Vasiliev vertex [11, 12] in AdS , as we verify explicitly for s = 3. There also exist two abelian covariant 2−s−s vertices containing 2s+2 and 2s derivatives. Their existence was first found in [4] , and we exhibit them here explicitly in their covariant form. The (2s + 2)-derivative vertex is of the Born-Infeld type, whereas the 2s-derivative vertex exists only for D 5 and is gauge invariant up to a total derivative. These three vertices, with 2s − 2, 2s and 2s + 2 derivatives, thus exhaust the possibilities of manifestly Lorentz-covariant 2 − s − s couplings in flat space.
We begin in Section 3 by examining the simpler case of 1 − s − s vertices. We build explicitly the unique, nonabelian 1 − s − s coupling, which has 2s − 1 derivatives, together with the only abelian 1 − s − s vertex, which as 2s + 1 derivatives, thereby completing the list of all possible nontrivial, manifestly covariant, 1 − s − s couplings. Again, by the uniqueness of the nonabelian vertex, we know that it is the flat limit of the corresponding AdS Fradkin-Vasiliev (FV) vertex [11, 12] .
The Fradkin-Vasiliev cancelation mechanism for Λ = 0
Under the assumptions that the cosmological constant vanishes and that the Lagrangian contains at most two derivatives, the standard covariantization of Fronsdal's action leads to an inconsistent cubic action of the form
5 We use mostly positive signature and
is recuperated modulo boundary terms from
where ℓ p is the Planck length, = d D x √ −g, the spin-s kinetic term
with the Einstein-like self-adjoint operator
the covariantized Fronsdal field strength. The symbol β (2) denotes a dimensionless symmetric bilinear form, W µνρσ is the spin-2 Weyl tensor, and (ℓ p ) 2 W and φ are assumed to be weak fields.
A quantity O has a regular weak-field
O where
O scales like g n if the weak fields are rescaled by a constant factor g, and we shall refer to
O as being of nth in weak fields, or equivalently, as being of order n − n(O) in the g expansion. Under the spin-s
ε is a weak traceless parameter and R µ(s) and R µ(2) are quadratic in weak fields, the variation of the action picks up the first-order contribution
where the bilinear form
that has been shown to be anomalous for s = 3 [3] (for recent re-analysis see [7] and also [6] for an S-matrix argument) in the sense that it cannot be canceled by any choice of β (2) nor by abandoning the assumption that the Lagrangian contains at most two derivatives.
However, as first realized by Fradkin and Vasiliev [11] , if both Λ = 0 and higher-derivative terms are added to the cubic part of the action, the analogous obstruction can be bypassed. In the weak-field expansion the resulting minimal cubic action reads
6 The initial choice of free kinetic terms affects the classical anomaly and the final form of anomaly cancelation terms. 7 Repeated indices distinguished by sub-indexation are implicitly symmetrized,
and G Λ is the Einstein-like kinetic term built from
(see (13) below). The spin-s gauge invariance up to first order uses that at zeroth order
where ≈ is used for equalities that hold on-shell. At zeroth order, the invariance requires the critical mass matrix [13]
At first order, the classical anomaly W A , which is independent of λ, is accompanied by two types of λ-independent counter terms, namely δ ε V and so on, until the procedure terminates at the top vertex
that: (i) is weakly gauge invariant up to total derivatives and terms that are of lower order in λ; and (ii) contains a total number of derivatives given by
Counting numbers of derivatives, there is a gap between the top vertex and the tail of BornInfeld-like non-minimal cubic vertices, which is a priori of the form
where C µ(s),ν(s) is the linearized spin-s Weyl tensor and γ (n);p,q are dimensionless bilinear forms.
Adapting the flat-space result of [4] to constantly curved backgrounds suggests that, if the γ (n);p,q fall off with n sufficiently fast, then the couplings with n 1 can be removed by a suitable, possibly non-local, field redefinition. More generally, turning to higher orders in the weak-field expansion, one may adopt the canonical frame of standard fields that by definition minimizes the maximal numbers of derivatives at each order.
The existence of at least one cancelation procedure has sofar been shown in the literature only for D = 4, 5 [11, 14, 15] , following the existence of a more general minimal cubic action given within the frame-like formulation based on a nonabelian higher-spin Lie algebra extension 
Recovering the metric-like FV 2-3-3 vertex
Apparently Fradkin and Vasiliev first found the gravitational coupling of the spin-3 field using the metric-like formalism without publishing their result (see [16] for an account). Later they obtained and published their (by now famous) result in the frame-like formalism in the general 2 − s − s case in D = 4 [11] . For the purpose of discussing the uniqueness of their result and its extension to D dimensions, we need the explicit form of the D-dimensional 2−3−3 FV vertex.
To this end, we work within the metric-like formulation and start from the free Lagrangian 
given that R αβγδ = −λ 2 (ḡ αγḡβδ −ḡ βγḡαδ ). We find, using the Mathematica package Ricci [18] , that the 2-3-3 FV vertex is given by
8 We use conventions where h αβ and φ αβγ are dimensionless. The linearized spin-2 Weyl tensor w αβγδ = The first term corrects the obstruction to the standard minimal scheme at the expense of introducing a new one that can be removed, however, by adding the above particular combination of two-derivative terms (involving only a subset of all possible tensorial structures as expected from the frame-like formulation). We stress again that the top vertex does not introduce any further obstructions, and that the vertex indeed exhibits the gap.
Non-Uniform Λ → 0 Limits
Since for given s the derivative expansion of the minimal 2 − s − s coupling terminates at the top vertex V (2s−2) Λ (2, s, s), the cubic action S Λ 2ss admits the scaling limit
with evanescent piece W µνρσ held fixed, so that W µνρσ can be replaced by the linearized Weyl tensor w µνρσ in the cubic vertices, resulting in the action
that is faithful up to cubic order in weak graviton and spin-s fields, and G 0 contains the
Alternatively, one may first perturbatively expand the FV action around AdS and then take the Λ → 0 limit as follows:
with ℓ p , h and φ kept fixed and ∆ h = ∆ φ = 2(s − 2) and ∆ p =
. The resulting flat-space 2-3-3 vertex reads
As discussed above, the top 2-3-3 vertex must be equivalent modulo total derivatives and linearized equations of motion to the nonabelian 2-3-3 vertex presented in Appendix B of [7] which we have verified explicitly 9 .
1.5 Uniqueness of the 2 − 3 − 3 FV vertex
The uniqueness of the FV cancelation procedure in the case of spin s = 3 can be now be established for any D as follows. We obtained the AdS D covariantization
of the nonabelian flat spacetime action
obtained in [7] , with S
0 (2, 3, 3) and g the deformation parameter. The cubic part S . We recall that, using the power of the BRST-BV cohomological method [9] , the first-order deformation S Λ=0 [h, φ] has been proved [7] to be unique under the sole assumptions of
• Locality,
• Manifest Poincaré invariance,
• Nonabelian nature of the deformed gauge algebra.
The last assumption allows the addition of Born-Infeld-like cubic vertices of the form
where C(h) and C(φ) denote linearized Weyl tensors and we note that C(φ) contains 3 derivatives [19] . Such vertices are strictly gauge invariant and do not deform the gauge algebra nor the transformations. We also disregard deformations of the transformations that do not induce nonabelian gauge algebras, as is the case for such deformations involving the curvature tensors. In the following, when we refer to a deformation as unique it should 9 Modulo the Bianchi identities of R µν , there are 49 four-derivative terms that are proportional to the spin-2 (2, 3, 3) involves n top derivatives with n top = 4. Then, this action would scale to a nonabelian flat-space action whose cubic vertex would involve n top derivatives. This is impossible, however, because the only nonabelian cubic vertex in flat space is V A more rigorous proof can be stated entirely in terms of master actions within the BRST-BV framework. Then all ambiguities resulting from trivial field and gauge parameter redefintions are automatically dealt with cohomologically. Moreover, the possibility of scaling away the nonabelianess while at the same time retaining the vertex is ruled out 10 .
On Separation of Scales in Higher-Spin Gauge Theory
Thanks to Vasiliev's oscillator constructions [20, 21] it has been established that fully nonlinear nonabelian higher-spin gauge field equations exist in arbitrary dimensions in the case of symmetric rank-s tensor gauge fields. Compared to the cubic actions, the full equations exhibit two 10 Consider a master action Vasiliev's equations provide one solution to the on-shell deformation problem given a oneform A taking its values in the algebra h, and a zero-form Φ containing all Weyl tensors and their on-shell derivatives, which is the unfolded counterpart of the massless representation D. The embedding of the canonical fields {g µν , φ, . . . } into Φ and A requires a non-local field redefinition 11 to microscopic counterparts { g µν , φ, . . . }. In the microscopic frame, the standard field equations are non-canonical and actually contain infinite Born-Infeld tails already at first order in the weak-field expansion (see [30] for a discussion). For example, the first-order corrections to the stress tensor, defined by R µν − 1 2 g µν ( R −Λ) = T µν , from a given spin s arise in a derivative expansion of the form T
is a connection if p < s and (p − s) derivatives of C( φ s ) if p s (see e.g. [31] for the case of s = 0). 11 The situation in higher-spin gauge theory is analogous to that in string theory: in both cases the microscopic formulation is defined in terms of "vertex operators" living in an associative algebra associated with an "internal" quantum theory. As a result, the graviton vertex receives corrections leading to a microscopic frame that is different from the canonical Einstein frame (see [29] for a related discussion).
As discussed below (12) , the microscopic tails should be related to the canonical vertices via non-local, potentially divergent, field redefinitions. Thus one has the following scheme: (21) Thus, the semi-classical weak-field expansion, whether performed in the microscopic or canonical frames, leads to amplitudes depending on the following three quantities: (i) a dimensionless AdS-Planck constant g 2 ≡ (λℓ p ) D−2 that can always be taken to obey g < < 1 and that counts the order in the perturbative weak-field expansion, where ℓ p enters via the normalization of the effective standard action and we are working with dimensionless physical fields; and (ii) a massive parameter λ that simultaneously (iia) sets the infrared cutoff via Λ ∼ λ 2 and critical masses M 2 ∼ λ 2 for the dynamical fields; and (iib) dresses the derivatives in the interaction vertices thus enabling the Fradkin-Vasiliev (FV) mechanism; and (iii) the weak-field fluctuation
where ℓ is the characteristic wavelength of the bulk fields.
We stress that what makes higher-spin theory exotic is the dual purpose served by λ within the FV mechanism whereby positive and negative powers of λ appear in mass terms and vertices, respectively. Thus, at each order of the canonical weak-field expansion scheme, the local bulk interactions -and in particular the standard minimal gravitational two-derivative couplings -are dominated by strongly coupled top vertices going like finite positive powers of (energy
On the other hand, in the microscopic weak-field expansion scheme, each order is given by a potentially divergent Born-Infeld tail, suggesting that classical solutions as well as amplitudes should be evaluated directly within the master-field formalism which offers transparent methods based on requiring associativity of the operator algebra for setting up and assessing regularized calculational schemes.
More precisely, the tails are strongly coupled for fluctuations around curved backgrounds that are close to the AdS D solution, where ℓλ < < 1, although it is in principle also possible to expand around backgrounds that are "far" from AdS D , and that might bring in additional new scales altering the nature of the tails. Sticking to the first background scenario, and remaining with the microscopic frame of fields, Vasiliev's oscillator formalism may offer a natural remedy amounting to augmenting specific classes of composite operators by associative operator products. As a result the tails, which are power-series expansions in z = (ℓλ)
that define special functions in the unphysical region |z| < < 1, would be given physically 12 The gauge-invariant characterization of the amplitudes is provided by on-shell closed forms built from Φ and A. A simple set of such "observables" are the zero-form charges found in [32] .
meaningful continuations into the physical region |z| > > 1, leading to microscopic amplitudes
, where A(s 1 , . . . , s N |ℓλ) are analytically continued amplitudes. If these are bounded uniformly in {s i } for ℓλ < < 1, then a semi-classical expansion would be possible if g < < 1.
If on the other hand one redefines away the non-minimal tails, and if the higher-derivative nature of the minimal cubic vertices generalizes to N > 3, then the remaining top vertices
(s 1 , . . . , s n ) would necessarily contain total numbers of derivatives n top ({s i }) growing at least linearly with i s i , so that the resulting canonical amplitudes
, leaving no room for a uniform semi-classical expansion.
2 Antifield formulation
Definitions
In this section we briefly recall the BRST deformation scheme [9] in the case of spin-s Fronsdal theory, that is irreducible and abelian. The containt of the present section is mainly based on the works [33, 34, 35] .
According to the general rules of the BRST-antifield formalism, a grassmann-odd ghost is introduced, which accompanies each grassmann-even gauge parameter of the gauge theory. It possesses the same algebraic symmetries as the corresponding gauge parameter. In the cases at hand, it is symmetric and traceless in its spacetime indices. Then, to each field and ghost of the spectrum, a corresponding antifield (or antighost) is added, with the same algebraic symmetries but the opposite Grassmann parity. A Z-grading called ghost number (gh) is associated with the BRST differential s, while the antifield number (antigh) of the antifield Z * associated with the field (or ghost) Z is given by antigh(Z * ) ≡ gh(Z) + 1 . It is also named antighost number .
More precisely, in the general class of theories under consideration, the spectrum of fields (including ghosts) and antifields together with their respective ghost and antifield numbers is given by (s > 2)
• the fields {A µ , h µν , φ µ 1 ...µs } with ghost number 0 and antifield number 0;
• the ghosts {C, C µ , C µ 1 ...µ s−1 } with ghost number 1 and antifield number 0;
• the antifields {A * µ , h * µν , φ * µ 1 ...µs } , with ghost number −1 and antifield number 1;
• the antighosts {C * , C * µ , C * µ 1 ...µ s−1 } with ghost number −2 and antifield number 2 .
If the pureghost number (pgh) of an expression simply gives the number of ghosts (and derivatives of the ghosts) present in this expression, the ghost number (gh) is simply given by
The fields and ghosts will sometimes be denoted collectively by Φ I , the antifields by Φ * I .
The basic object in the antifield formalism is the BRST generator W 0 . For a spin-1 field A µ , a spin-2 field h µν and a (double-traceless) spin-s Fronsdal field φ µ 1 ...µs , it reads
The functional W 0 satisfies the master equation (W 0 , W 0 ) = 0, where ( , ) is the antibracket given by
Let us note that this definition is appropriate for both functionals and differentials forms. In the former case, the summation over I also implies an integration over spacetime (de Witt's condensed notation). See the textbook [36] for a thorough exposition of the BRST formalism.
The action of the BRST differential s is defined by
The differential s is the sum of the Koszul-Tate differential δ (which reproduces the equations of motion and the Noether identities) and the longitudinal derivative γ (which reproduces the gauge transformations and the gauge algebra). Let us write down explicitely the action of δ and γ (unless it is vanishing): For a spin-1 field:
For a spin-2 field:
For a spin-s field:
where 
For further purposes we also display the spin-s curvature
where we have used the permutation operator
that performs total antisymmetrization over the pairs of indices (µ i , ν i ) , i = 1, . . . , s . Finally, we note that the Fronsdal and curvature tensors are not quite independant. The following relations can be established:
In the following two subsections we give some cohomological results needed for the BRST-BV analysis of the deformation problem.
Cohomology
For a proof of general results, see [33] . The only gauge-invariant functions for a spin-s gauge field are functions of the field-strength tensor F µν , the Riemann tensor K αβ|µν , the Fronsdal tensor F µ 1 ...µs and the curvature tensor K µ 1 ν 1 |µ 2 ν 2 |...|µsνs . In pureghost number pgh = 0 one has: shown (along the same lines as in [7] , Appendix A) that one can choose H * (γ)-representatives as the products of an element of H 0 (γ) with an appropriate number of non γ-exact ghosts. The
. If we denote by ω i J a basis of the products of these objects in pgh = i, we get :
More generally, let {ω I } be a basis of the space of polynomials in these variables (since these variables anticommute, this space is finite-dimensional). If a local form a is γ-closed, we have
If a has a fixed, finite ghost number, then a can only contain a finite number of antifields.
Moreover, since the local form a possesses a finite number of derivatives, we find that the α Since the theory at hand has no reducibility, we are left with the computation of H D 2 (δ| d) . Then, as we already claimed in [7] , for a collection of different spins, H D 2 (δ|d) is the direct sum of the homologies of the individual cases. For spin -1:
For spin -2 :
For spin -s (s > 2) ( [33, 38] ):
BRST deformation
As shown in [9] , the Noether procedure can be reformulated within a BRST-cohomological framework. Any consistent deformation of the gauge theory corresponds to a solution 
This condition is controlled by the local BRST cohomology group H D,1 (s|d).
Quite generally, one can expand a according to the antifield number, as
where a i has antifield number i. The expansion stops at some finite value of the antifield number by locality, as was proved in [39] .
Let us recall [10] the meaning of the various components of a in this expansion. The antifield-independent piece a 0 is the deformation of the Lagrangian; a 1 , which is linear in the antifields associated with the gauge fields, contains the information about the deformation of the gauge symmetries; a 2 contains the information about the deformation of the gauge algebra (the term C * CC gives the deformation of the structure functions appearing in the commutator of two gauge transformations, while the term φ * φ * CC gives the on-shell closure terms); and the
give the informations about the deformation of the higher order structure functions and the reducibility conditions.
In fact, using standard reasonings (see e.g. [34] ), one can remove all components of a with antifield number greater than 2. The key point, as explained e.g. in [35] , is that the invariant characteristic cohomology H 
Moreover, the element a 2 is cubic: linear in the antighosts and quadratic in the variables
Similarly to (30) , one can assume b = b 0 + b 1 in (28) (see e.g. [34] ) and insert the expansions of a and b into the latter equation. Decomposing the BRST differential as s = δ + γ yields
The general solution of (33) is given in subsection 2.2.
Remark: Actually, even if the Theorem 2 cannot be extended to s > 4 for technical reasons, we can always assume that a 2 is cubic as given in the above Theorem 1, relax the limitation s 4 and proceed with the determination of a 1 and a 0 according to (32) and (31) . In fact, it is impossible to build a ghost-zero cubic object with antigh > 2, so a cubic deformation always stops at antigh 2. Moreover, a cubic element a 2 must be proportional to an antighost and quadratic in the ghosts, then, modulo d and γ, it is obvious that the only possible cubic deformations are those given in Theorem 1. Finally, combining the cohomological approach with other approaches like the light-cone one [4, 5] may complete our results, as we actually show in the following. Such a combination of two different methods seems to us the most poweful way to completely solve the first-order deformation problem.
Consistent vertices V

Λ=0 (1, s, s)
In this section we use the antifield formalism reviewed above and apply it to the study of nonabelian interactions between spin-1 and spin-s gauge fields. We first examine in detail the interactions of the type 1 − 2 − 2 , and then move on to the general case 1 − s − s .
Exotic nonabelian vertex
In this section we show the existence of a cubic cross-interaction between a spin 1 field and a family of exotic spin 2 fields. The structure constants of this vertex are antisymmetric, which is in contradiction with the result for self-interacting spin 2 fields (see [34] ). In fact, we easily prove that this vertex cannot coexist with the Einstein-Hilbert theory.
We consider in the following a set of fields in Minkowski spacetime of dimension D . First, a single electromagnetic field A µ with field strength The free action is the sum of the electromagnetic action and the different Pauli-Fierz actions:
In order to study the cubic deformation problem efficiently, we have used the antifield formalism of [9] , reviewed in the present paper. The antifield formalism allows us to write down every possible nontrivial deformation of the gauge algebra, encoded in the element denoted a 2 above.
It turns out that only one a 2 candidate gives rise to a consistent vertex a 0 . The details of the analysis are relegated to the appendix A, not to obscure the reading. The cubic vertex, gauge transformations and gauge algebra are
Exotic nonabelian vertex V Λ=0 (1, s, s)
The structure that we have found can be easily extended to obtain a set of consistent 1 − s − s vertices. Using the notation introduced in Section 2.1, the Fronsdal action reads
It is gauge invariant thanks to the Noether identites
and the symmetry of the second-order differential operator defining G .
The deformation analysis is performed exactly along the same lines as for the 1 − 2 − 2 vertex. The uniqueness of the solution has not been proved for spin s > 4, but we show that it is the only cubic solution deforming the gauge algebra. The spin-2 solution can ben extended to spin s, which leads us to consider a deformation of the BRST generator stoping at antighost 2, finishing with the following a 2 :
By solving the equation δa 2 + γa 1 = db 1 , we first obtain
withā 1 | γā 1 = de 1 . The resolution of δa 1 + γa 0 = db 0 provides us with bothā 1 and a 0 :
where
These components of W 1 provide the cubic vertex, the gauge transformations and the gauge algebra:
the other commutators vanishing.
Exhaustive list of interactions
The uniqueness of the above cubic nonabelian interactions can be obtained by combining the above results with those obtained in [4, 5] using a powerful light-cone method. We learn from the work [4] that there exist only two possible cubic couplings between one spin-1 and two spin-s fields. The first coupling involves 2s − 1 derivatives in the cubic vertex whereas the other involves 2s + 1 derivatives. Therefore we conclude that the first coupling corresponds to the nonabelian deformation obtained in the previous subsection. The other one simply is the Born-Infeld-like coupling
which is strictly invariant under the abelian gauge transformations. (32) and (31), we find an unique cubic deformation.
First, it is easily seen that it is impossible to build a non trivial a 2 involving one spin 4 and two spin 2. Then, in the 2 − 4 − 4 case, the highest number of derivatives allowed for a 2 to be nontrivial is 6, but Poincaré invariance imposes an odd number of derivatives. Here is the only a 2 containing 5 derivatives, which gives rise to a consistent cubic vertex:
Then, the inhomogenous solution of δa 2 + γa 1 = db 1 can be computed. The structure constants have to be symmetric in order for a 1 to exist :
Finally, the last equation is δa 0 + γa 1 = db 0 . It allows a solution, unique up to redefinitions of the fields and trivial gauge transformations. We have to say that the natural writing of a 2 and the vertex written in terms of the Weyl tensor w αβ|γδ do not match automatically. In order to get a solution, we first classified the terms of the form w∂ 4 (φφ). Then we classified the possible terms inā 1 , which can be chosen in H 1 (γ). So they are proportional to the field antifields, proportional to a gauge invariant tensor (K P F , F 4 or K 4 ) and proportional to a non exact ghost. Finally, we had to introduce an arbitrary trivial combination in order for the expressions to match. The computation cannot be made by hand (there are thousands of terms). By using the software FORM [40] , we managed to solve the heavy system of equations and found a consistent set of coefficients. We obtained the followingā 1 :
and the cubic vertex:
where the weak equality means that we omitted terms that are proportional to the free field equations, since they can trivially be absorbed by field redefinitions. The components a 1 and a 2 correspond to the following deformation of the gauge transformations
(1)
and to the following deformation of the gauge algebra:
Let us now consider the other possible cases for a 2 , containing 3 or 1 derivatives. The only possibility with three derivatives is a 2,
Its variation under δ should be γ-closed modulo d but some nontrivial terms remain, of the types g AB h * U A U B and
The first one can be set to zero by imposing symmetric structure constants, but the second cannot be eliminated. The same occurs for one of the candidates with 1 derivative:
We are then left with 2 candidates involving the spin 4
antifield. We have found that δa 2 + γa 1 = db 1 can have a solution only if their structure constants are proportional :
There is no homogenous partā 1 (because the γ-invariant tensors contain at least 2 derivatives).
Then, we have considered the most general expression for a 0 , which is a linear combination of 55 terms of the types hφ∂ 2 φ and h∂φ∂φ . We have found that the equation δa 1 + γa 0 = db 0 does not admit any solution. We can conclude that the vertex found with 6 derivatives is the While apparently obviously true, it actually becomes increasingly harder to prove with increas- [33] . Given this, we can divide the a 2 candidates into two categories: those proportional to C * Aµ 1 ...µ s−1 and those proportional to C * µ .
The first category is simple to study: C * Aµ 1 ...µ s−1 carries s − 1 indices, and the spin 2 ghost can carry at most 2, namely ∂ [α C β] . As no traces can be made, the spin 4 ghost can carry at
contains two antisymmetric pairs which cannot be contracted with C * A . The only possible combination involving
If we consider the underivated C α , the only possibility is obviously:
Those two terms contain only one derivative. Just as for the spin 4 case, we can show that they are related to an a 1 if f AB = s 2 g AB :
and
Then, the proof of the inconsistency of this candidate is exactly the same as for spin 4. In fact, for every spin s ≥ 4, there are only 55 possible terms in the vertex. We have thus managed to adapt the proof to spin s, this deformation is obstructed.
For the second category, the structure has to be C * U (i) U (j) , i < j But C * carries one index and U (i) carries i + s − 1. As no traces can be taken, it is obvious that i = j − 1, which leaves us with a family of candidates:
Let us now check if these candidates satisfy the equation δa 2 +γa 1 = db 1 for some a 1 . For the second category, we get schematically
The first obstruction can be removed by imposing l AB = l (AB) while the second cannot be removed unless j = s − 1. As the tensor U (s)B does not exist, this term is not present at top number of derivatives, the second candidate a 2 that correspond to an a 1 is then:
Exhaustive list of cubic
Using the results of [4] , we learn that there exist only three cubic couplings of the form V Λ=0 (2, s, s) . They involve a total number of derivatives in the vertex being respectively 2s + 2, 2s and 2s − 2 . Moreover, it is indicated [4] that the 2s -derivative coupling only exists in dimension D > 4 . From our results of the last subsection, we conclude that the last coupling is the nonabelian coupling with 2s−2 derivatives. The coupling with 2s+2 derivatives is simply the strictly-invariant Born-Infeld-like vertex
whereas the vertex with 2s derivatives is given by
It is easy to see that this vertex is not identically zero and is gauge-invariant under the abelian transformations, up to a total derivative.
Summary and Conclusions
Already for Λ = 0 the notion of minimal coupling needs to be refined to account for nonabelian vertices with more than two derivatives. Using the antifield formulation [9] , in order to prove that the first nonabelian vertex involving a set {φ i } of fields is cubic, one needs a technical cohomological result concerning the nature of H k (δ|d) in the space of invariant polynomials.
This technical result has been obtained previously up to s = 3 and has been pushed here up to s = 4 (cfr. Appendix B.1). Supposing that this result holds in the general spin-s case, which is equivalent to supposing that the first nonabelian vertex is cubic, we have shown in Section 5 that there exist only two possible nonabelian type 2 − s − s deformations of the gauge algebra that can be integrated to corresponding gauge transformations. One of these two candidates has 2s − 3 derivatives and must therefore give rise to a vertex with 2s − 2 derivatives to be identified with the flat limit of the corresponding FV 2 − s − s top vertex [11, 12] . We have shown that the other candidate is obstructed. If liftable to a vertex, it would have given the two-derivatives vertex that corresponds to the minimal Lorentz covariantization. We have thus Indeed, Vasiliev's fully non-linear higher-spin field equations may provide such a mechanism whereby infinite tails amenable to re-summation are developed. The two parallel perturbative expansions in g and (ℓλ) −1 resembles those in g s and α ′ ℓ −2 in string theory, suggesting that the strong coupling at (ℓλ) −1 > > 1 corresponds to a tensionless limit of a microscopic string (or membrane). Indeed, the geometric underpinning of Vasiliev's equations is that of flat connections and covariantly constant sections over a base-manifold -the "unfold" -taking their values in a fiber. This suggests that the total system is described by a total Lagrangian whose "pull back" to the unfold would be a free differential algebra action (with exterior derivative kinetic terms). On the other hand, its pull-back to the fiber would be a microscopic quantum theory in which the Weyl zero-form is subject to master constraints that are algebraic equations from the unfold point-of-view (thus avoiding the problematic negative powers of ℓλ).
A candidate for the microscopic theory is the tensionless string/membrane in AdS whose phasespace action has been argued in [41, 42] to be equivalent to a topological gauged non-compact WZW model with subcritical level [43] .
During the preparation of this manuscript there appeared the work [44] that also addresses the issue of the AdS deformation of the nonabelian 3-3-2 flat-space vertex found in [7] .
A The unique V
Λ=0
(1, 2, 2) vertex A.1 The gauge algebra, transformations and vertex: a 2 , a 1 and a 0
Thanks to he considerations made above, and as Poincaré invariance is required, the only nontrivial a 2 terms are linear in the underivated antigh 2 antifields and quadratic in the non exact ghosts. Family indices can be introduced, which allows to multiply the terms by structure constants. This construction is impossible for 2 spin 1 and 1 spin 2, while there are 3 candidates for 1 spin 1 and 2 spin 2 :
We must now check if the equation δa 2 +γa 1 = db 1 admits solutions for the above candidates.
Let us note that homogenous solutions for a 1 have to be considered : γā 1 = db 1 . Thanks to Proposition 2, this equation can be redefined as γā 1 = 0 . The non trivalā 1 are elements of H(γ), and, as they are linear in the fields, involve at least one derivative.
• δa 2,
The second term can not be γ-exact, therefore the first candidate has to be discarded.
As there is no homogenous solution with no derivatives, we can conclude that
Finally, applying the Koszul-Tate differential on the a 2,3 gives
Here we may assume the existence of an homogenous solution :
Finally, we can compute the possible vertices a 0 , that have to be a solution of δa 1 +γa 0 = db 0 where a 1 is one of the above candidates.
For the candidate a 1,2 , we get
(thanks to the properties of the Einstein tensor), but the first Let us now compute the solution a 0,3 , given that
The first two terms are δ-exact and correspond to a nontrivialā 1, 3 . The last two terms are the vertex:
.) . (60)
A.2 Inconsistency with Einstein-Hilbert theory
Here we show that, as expected, the spin-2 massless fields considered in the previous section cannot be considered as the linearized Einstein-Hilbert graviton. Let us consider the second order in g in the master equation : it can be written (W This just means that the solution that we found is self-consistent at that order. But we also have to check the compatibility with self-interacting spin 2 fields. Let us consider the a 2 for a collection of Einstein-Hilbert theories (this can be found in [34] ) : The following theorem is crucial, in the sense that it enables one to prove the uniqueness of the deformations, within the cohomological approach of [9] :
Then, one can always choose µ To prove the theorem, we need the following lemma, proved in [34] .
Lemma 1.
If a is an invariant polynomial that is δ-exact, a = δb, then, a is δ-exact in the space of invariant polynomials. That is, one can take b to be also invariant.
The proof of Theorem 2 for spin-4 gauge field proceeds in essentially the same way as for the spin-3 case presented in detail in [35] , to which we refer for the general lines of reasoning.
We only give here the piece of proof where things differ significantly from the spin-3 case.
Different situations are considered, depending on the values of p and k. In form degree p < D , the proof goes as in [35] . In form degree p = D , two cases must be considered: k > D and k D . In the first case, the proof goes as in [35] 
We will work by induction on the antifield number, showing that if the property expressed in Theorem 2 is true for k + 1 (with k > 1), then it is true for k. As we already know that it is true in the case k > D, the theorem will be proved.
Inductive proof for k D : The proof follows the lines of Ref. [39] and decomposes in two parts. First, all Euler-Lagrange derivatives of (63) are computed. Second, the Euler-Lagrange (E.L.) derivative of an invariant quantity is also invariant. This property is used to express the E.L. derivatives of a k in terms of invariants only. Third, the homotopy formula is used to reconstruct a k from his E.L. derivatives. This almost ends the proof.
(i) Let us take the E.L. derivatives of (63). Since the E.L. derivatives with respect to C * αβγ , the antifield associated with the ghost C αβγ , commute with δ, we get first :
with
For the E.L. derivatives of b k+1 with respect to h * µνρσ we obtain, after a direct computation,
Finally, let us compute the E.L. derivatives of a k with respect to the fields. We get :
and G µνρσ|αβγδ (∂) is the second-order self-adjoint differential operator appearing in Fronsdal's equations of motion 0 =
(ii) The E.L. derivatives of an invariant object are invariant. Thus,
Therefore, by Lemma 1 and Eq. (64), we have also
for some invariant Z 
are both invariant and respectively have the same symmetry properties as the "Einstein" and "Riemann" tensors.
Combining Eq. (69) with Eq. (70) gives
. Now, only the first term on the right-hand-side of Eq. (71) is divergence-free, ∂ µ (∂ αβγ M ′ αµ|βν|γρ k ) ≡ 0, not the second one which instead obeys a relation analogous to the Noether identities
As a result, we have δ ∂ µ (Y
. By Lemma 1, we deduce 
where both T αµ|νρσ k+1
and P 
. We do not explicit the δ-exact term since it plays no role in the
is symmetric in µ and ν, we have also
ρ) is trivial, in particular,
where S ′ βα|µν| ρσ is antisymmetric in the pairs of indices (β, α) and (µ, ν), while it is symmetric and traceless in (ρ, σ). Actually, it is traceless in µ, ν, ρ σ as the right-hand side of the above 
where the symmetries of Ξ ′ τ λ|αρ|µν|σβ on its last 6 indices can be read off from the left-hand side and where the first pair of indices is antisymmetric. Again, Ξ ′ τ λ|αρ|µν|σβ can be taken to be invariant.
Then, we take the projection of Ξ ′ τ λ|αρ|µν|σβ on the irreducible representation τ α µ σ λ ρ ν β of GL(D) (here we do not impose tracelessness) and denote the result by Θ ′ τ λ|αρ|µν|σβ . This invariant tensor possesses the algebraic symmetries of the invariant spin-4 curvature tensor.
Finally, putting all the previous results together, we obtain the following relation, using the (iii) We can now complete the argument. The homotopy formula
enables one to reconstruct a k from its Euler-Lagrange derivatives. Inserting the expressions (67)-(69) for these E.L. derivatives, we get
The first two terms in the argument of δ are manifestly invariant. In order to prove that the third term can be assumed to be invariant in Eq. where we integrated by part four times in order to get the first term of the r.h.s. while the hermiticity of G µνρσ|αβγδ was used to obtain the second term.
We are left with a k = δµ k+1 + ∂ ρ ν terms, which correspond to the deformations of the gauge algebra. The highest number of derivaties allowed for a 2 to be nontrivial is 6, but Poincaré invariance imposes an odd number of derivatives. Here is the only a 2 containing 5 derivatives, which gives rise to a consistent cubic vertex:
where U ).
Then, the inhomogenous solution of δa 2 + γa 1 = db 1 can be computed. The structure constants have to be symmetric in order for a 1 to exist : f AB = f (AB)
Finally, the last equation is δa 0 + γa 1 = db 0 . It allows a solution, unique up to redefinitions of the fields and trivial gauge transformations. We have to say that the natural writing of a 2 and the vertex written in terms of the Weyl tensor w αβ|γδ do not match automatically. In order to get a solution, we first classified the terms of the form w∂ 4 (φφ). Then we classified the possible terms inā 1 , which can be chosen in H 1 (γ). So they are proportional to the field antifields, proportional to a gauge invariant tensor (K P F , F 4 or K 4 ) and proportional to a non exact ghost. Finally, we had to introduce an arbitrary trivial combination in order for the expressions to match. The computation cannot be made by hand (there are thousands of terms). By using the software FORM [40] , we managed to solve the heavy system of equations and found a consistent set of coefficients. We obtained the followingā 1 as well as the vertex a 0 that we wrote above (47):
Let us now consider the other possible cases for a 2 , containing 3 or 1 derivatives. 
Then, we have considered the most general expression for a 0 , which is a linear combination of 55 terms of the types hφ∂ 2 φ and h∂φ∂φ . We have found that the equation δa 1 + γa 0 = db 0 does not admit any solution. We can conclude that the vertex found with 6 derivatives is the unique nonabelian 2 − 4 − 4 cubic deformation.
